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Abstract
Recently Cheng, Olinto, Schramm and Truran [1] reexamined the constraints
on the strength of primordial B-fields from big bang nucleosynthesis (BBN).
Their bottom line agreed with that of an earlier recent paper on the sub-
ject [2], both in its final limit on the B-field during BBN, and in its conclu-
sion that for allowed values of the B-field, the dominant factor for BBN is
the increased expansion rate at a given temperature caused by the energy
density of the magnetic field, B2/8π. However, their conclusion that weak
interaction rates increased with increasing B-field at these low field values
contradicted the earlier results of [2]. In this comment we point out that
the Taylor series expansion of the weak interaction rate about B = 0 used
in [1] is not well-defined, while the Euler-McLaurin expansion of [2] is well-
behaved and reliable. Using the Euler-McLaurin expansion we find that the
weak interaction rates decrease rather than increase with increasing B-field
at small values of the B-field.
1
As discussed by Cheng, Olinto, Schramm and Truran [1] “BBN provides
a unique quantitative window for processes occurring in the early universe
between temperatures of 1 − 0.01MeV. A primeval magnetic field existing
during this period would have three major effects on BBN” one of which is
that it would alter the weak interaction rates. Equations (2.4-2.6) of [1] give
the reaction rates for ne+ → pν¯e, nνe → pe− and n → pe−νe respectively.
For example the rate for nν → pe− is
λnν→pe− =
g2
V
(1+3α2)m5eγiT
2
ν
4π3T 2
i
× (1)
×[∑∞ns=0[2− δns0] ∫∞√1+2γns+κ dǫ(ǫ−κ)(ǫ−q)2√(ǫ−κ)2−(1+2γns) e
ǫZe+φe
1+eǫZe+φe
1
1+e(ǫ−q)Zν+φν
− ∑nsmax+1ns=0 [2− δns0] ∫ q√1+2γns+κ dǫ(ǫ−κ)(ǫ−q)2√(ǫ−κ)2−(1+2γns) e
ǫZe+φe
1+eǫZe+φe
1
1+e(ǫ−q)Zν−φν
]
where α = gV /gA,γ = B/Bc (with Bc = m
2
e/e), γi = B(T = 1MeV )/Bc,ns =
n + 1
2
− sz (with n the principal quantum number of the Landau level and
sz = ±12 the spins, κ is the anomalous magnetic moment term for an electron
in the ground state (n = 0, sz = 1/2), ǫ = Ee/me, q = (mn − mp)/me,
Ze = me/Te, Zν = mν/Tν , φe = µe/Te, φµ = µµ/Tµ, mi are the rest masses of
species i, Ti are their temperatures and µi their chemical potentials. nsmax is
the largest integer in [(q− κ)2− 1]/2γ. In the absence of chemical potentials
and ignoring the anomalous electron magnetic moment both of which are
lower order effects at the magnetic fields which ultimately prove to be of
interest (unless there is a non-standard neutrino chemical potential) this can
be rewritten as (equation (22) of [2]):
λnν→pe− =
G2FT
2
γ (g
2
V + 3g
2
A)
(2π)3
z
∞∑
n=0
(2− δn0)
∫ ∞
0
dpzE
2
νg(Ee/Tγ)f(Eν/Tν) (2)
where we have rewritten the integral over the electron energy in terms of an
integral over the electron momentum parallel to the field, pz. Here GF is the
Fermi constant, Tγ = Te is the photon temperature, f(Eν/Tν) is the Fermi-
Dirac distribution, and g = 1 − f is the Fermi blocking factor, z ≡ 2eB/T 2γ
(so that also z = 2eγi
T 2ν
T 2γ
m2e
eT 2
i
). The electron energy and momentum are related
by
Ee = (p
2
z +m
2
e + 2eBn)
1/2 , (3)
2
while energy conservation gives:
Eν = Ee − (mn −mp) ≡ Ee −∆, (4)
and f(Eν/Tν) is taken to be zero if Eν < 0. We notice that λ is of the form
zh(z), where h(z) is a complicated function of z, and so
dλ
dz
= h(z) + z
dh(z)
dz
(5)
We wish to examine the weak field limit z → 0 in order to understand whether
magnetic fields speed-up or slow-down weak interactions. The temptation
(see [1]) is to set the second term to zero, and notice that h(z) is the sum of
positive terms, and thus conclude that dλ
dz
> 0. The problem is that
lim
z→0
h(z) =∞ (6)
We can see this explicitly by setting B = 0 (i.e. γ = 0 = γi) in (1) and
noticing that (with κ = φi = 0) the argument of the integral is finite, positive
and independent of ns, hence the sum from ns = 0, ...,∞ is badly divergent.
In fact h(z) ∝ 1/z at small z since λ(z) = zh(z) should go to the interaction
rate in the absence of a magnetic field as we let z → 0.
The Taylor series of λ about B = 0 is therefore ill-defined. However, we
can use the Euler-McLaurin expansion for λ ([2] equation (23)):
λnν→pe− =
G2FT
2
γ (g
2
V + 3g
2
A)
(2π)3
{2
∫ ∞
0
dx
∫ ∞
pmin(x)
dpzG−(Ee(pz, x)) (7)
− z
2T 2γ
12
∫ ∞
pmin(0)
dpz
[
1
Ee
dG−(Ee)
dEe
]
x=0
}+O(z3)
where
Ee(pz, x) = (p
2
z +m
2
e + x)
1/2, (8)
pmin(x) = (∆
2 −m2e − xT 2γ )1/2 (9)
and
G−(Ee) = (Ee −∆)2 1
1 + e(Ee−∆)/Tν
1
1 + e−Ee/Tγ
. (10)
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Thus[
1
Ee
dG−(Ee)
dEe
]
=
Ee −∆
Ee
1
1 + e(Ee−∆)/Tν
1
1 + e−Ee/Tγ
(11)
×
[
2− Ee −∆
Tν
1
1 + e−(Ee−∆)/Tν
+
Ee
Tγ
1
1 + eEe/Tγ
]
The terms of the series in (7) are perfectly finite in the limit z → 0. The
zeroth order term recovers exactly the usual B = 0 result. Interestingly, we
find by explicit calculation that the first order term in B actually vanishes, in
apparent contradiction to the positivity of the first order term in the Taylor
series. This is of course because the Taylor expansion is not well defined;
every term of the Taylor series contributes at arbitrarily small B-field.
The sign of the z2 term in λ can be seen by inspection of (11). We see
that only the second term in the expression in square brackets is negative and
that for x = 0, by the time Ee is large enough for this term to dominate over
the other two terms in the square brackets, the prefactor is exponentially
suppressed. The coefficient of the z2 term of (7) is therefore negative, and
the B-field decreases this rate. Similar arguments can be applied to the other
2 → 2 rates. Though the conclusions are not always so clear analytically,
numerical studies [2] show a decrease in all the 2-body rates for B > 0,
in contradiction to the conclusions of [1]. Fortunately as both [1] and
[2] agree, this effect is subdominant; the dominant effect of the B-field on
nucleosynthesis is simply the B2 contribution to the energy density, which
increases the expansion rate.
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